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EXTENDER-BASED RADIN FORCING

CARMI MERIMOVICH

ABSTRACT. We define extender sequences, generalizing measure sequences of
Radin forcing.

Using the extender sequences, we show how to combine the Gitik-Magidor
forcing for adding many Prikry sequences with Radin forcing.

We show that this forcing satisfies a Prikry-like condition, destroys no car-
dinals, and has a kind of properness.

Depending on the large cardinals we start with, this forcing can blow the
power of a cardinal together with changing its cofinality to a prescribed value.
It can even blow the power of a cardinal while keeping it regular or measurable.

1. INTRODUCTION

We give some background on previous work relating directly to the present work.
The first forcing which changed the cofinality of a cardinal without changing the
cardinal structure was Prikry forcing [6]. In this forcing a measurable cardinal, &,
was ‘invested’ in order to get cf(x) = w without collapsing any cardinal. Developing
that idea, Magidor [2] used a coherent sequence of measures of length A < x in
order to get cf(k) = A without collapsing any cardinals. In [7] Radin, introducing
the notion of measure sequence, showed that it is useful to continue the coherent
sequence to A > k. For example, s remains regular when A = x*. In general,
the longer the measure sequence, the more resemblance there is between x in the
generic extension and the ground model.

As is well known, and unlike regular cardinals, blowing the power of a singular
cardinal is not an easy task. A natural approach to try was to blow the power
of a cardinal while it was regular and after that make it singular by one of the
above methods. A crucial idea of Gitik and Magidor [3] was to combine the power
set blowing and the cofinality change in one forcing. They introduced a forcing
notion which added many Prikry sequences at once and still collapsed no cardinals.
The ‘investment’ they needed for this was an extender of length which is the size
of the power they wanted. Building on the idea of Gitik and Magidor, Segal [8]
implemented the idea of adding many sequences to Magidor forcing. So by investing
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a coherent sequence of extenders of length A < k she was able to get a singular
cardinal of cofinality A together with power as large as the length of the extenders
in question. Our work also builds on the idea of Gitik and Magidor. However, we
implement the idea of adding many sequences to Radin forcing. So we introduce
the notion of extender sequence and show that it makes sense to deal with quite
long extender sequences. As in Radin forcing, for long enough sequences we are left
with x which is regular and even measurable. The power size will be the length of
the extenders we start with.

The structure of this work is as follows. In section[2 we define extender sequences.
In section [3 we define Pg, the forcing notion which is the purpose of this work. In
section [4] we define Radin forcing as a means to prove lemmas we need later. The
definition is not the usual one. The definition we give here is more in the spirit
of the forcing we defined in section [3l In section[§ we show the chain-conditions
satisfied by Pz and how ‘locally’ it resembles Radin forcing. We also show here that
there are many new subsets in the generic extension. In section [6l we investigate
the structure of dense open subsets of Pz. We show that they satisfy a strong
homogeneity property. In section [fl we prove Prikry’s condition for Pz. The proof
is a simple corollary of the strong homogeneity of dense open subsets. In section
we show that Pz satisfies a kind of properness. In section [ we combine the
machinery developed so far in order to show that no cardinals are collapsed. In
section [[0] we show how the length of the extender sequences affects the properties
of k. Section [[I] summarizes what the forcing Pg does. In section [[2 we have a
result concerning Pz when 1(E) = 1. We show that there is, in V, a generic filter
over an elementary submodel in an w-iterate of V. We were not able to prove
something equivalent (or weaker) for the general case. Section[I3 contains a list of
missing or unknown points to check. The last point in this list is in preparation.

Our notation is standard. We assume fluency with forcing and extenders. Some
basic properties of Radin forcing are taken for granted.

2. EXTENDER SEQUENCES

2.1. Constructing from elementary embedding. Suppose we have an elemen-
tary embedding j:V — M D Vj, crit(j) = k. The value of A will be determined
later, according to the different applications we have.

Construct from j a nice extender such as in [3]:

E(0) = ((Ea(0) | € A) (mpa [ fZac a, f € A).

We recall the properties of this extender:

(1) ACVal\ s,
(2) 141 = V3,

(3) (A, <4) is a kT -directed partial order,

(4) Ya,B e AB>aa = 73,4V — Vi,

(5) K € A,

(6) Ya € A k<4 a. We write mq,0 instead of mq 4,

(7) Vo, B€ AV < k 10 = T4 0(v) = 13,0(v),

(8) Vo, e AB> a0 = Yv <k mpo(V) = Ta,0(m8,a(V)),
(9) va7677 cA 'YZAﬁZAOé -

JA € E,(0)Vv € ATy o (V) = 73,a(7.5(V)).



EXTENDER-BASED RADIN FORCING 1731

If, for example, we need |E(0)| = k3, then, under GCH, we require A = x + 3. A
typical large set in this extender concentrates on singletons.
If j is not sufficiently closed, then E(0) ¢ M and the construction stops. We set

Va € A E, = (a, E(0)).

We say that F, is an extender sequence of length 1 (1(E,) = 1).
If, on the other hand, E(0) € M, we can construct for each o € dom E(0) the
following ultrafilter:

Ae E(a,E(O))(l) <~ <Oé,E(0)> S ](A)

Such an A concentrates on elements of the form (£, e(0)) where e(0) is an extender
on % and ¢ € dome(0). Note that e(0) concentrates on singletons below £°. If, for
example, |E(0)| = x*3, then on a large set we have |e(0)| = (£9)*+3.

We define T(B8,E(0)),(a,E(0)) &S

(8,2(0)).(a,2(0)) (€ €(0))) = (m5,a(£), €(0))-

From this definition we get

J(7(8,E(0)), (0, E(0))) ({8, E(0))) = {(c, E£(0)).
Hence we have here an extender

EQ) = ((Ela,p0)(1) | a € A), (7(5,E0)),(a.E0) | BZaa a, B € A)).

Note that the difference between 75 o and 75 £(0)),(a,E(0)) 18 quite superficial. We
can define 73 £(0)),(a,E(0)) in @ uniform way for both extenders. Just project the
first element of the argument using 73 4.

If (E£(0), E(1)) ¢ M, then the construction stops. In this case we set

Vo € A B, = (a, E(0), E(1)).

We say that F,, is an extender sequence of length 2 (1(E,) = 2).

If (E(0), E(1)) € M, then we construct the extender E(2) in the same way as
we constructed E(1) from E(0).

The above special case being worked out, we continue with the general case.
Assume we have constructed

(B(r') |7 < 7).
If (E(7') | 7 < 7) ¢ M, then the construction stops here. We set
Vo€ AEy, = {(a, E(7') | T < 7)),

and we say that E, is an extender sequence of length 7 (1(E,) = 7).
If, on the other hand, (E(7') | 7/ < 7) € M, then we construct

Ac E(a,E(O),...,E(T/),...|T/<T) (7—) — <aa E(O)v ) E(Tl)v cee | T < T> € ](A)

Defining (3, g(0),..., E(r),...|7/ <7) (@, E(0).....E(+'),...,|='<7) using the first coordinate as
before gives the needed projection.

We are quite casual in writing the indices of the projections and ultrafilters.
By this we mean that we sometimes write 73, when we should have written
TUB,E(0), s E(+),o |7/ <7) (0, E(0),.c s E(+7),.. |7 <7) @D Eq (7) when we should have writ-
ten Eq, 5(0),....B(+),....|7'<7)(T)-

With this abuse of notation the projection we just defined satisfies

J(75.0) (B, B Q) . (@), | 7 < 7)) = (@, BO), . B(), . | 7 < 7),
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and we have the extender
E(1) = ((Ba(7) |a € A), (15,0 | BZa0a o, € A)).

We let the construction run until it stops due to the extender sequence not being
in M.

Definition 2.1. We call i an eztender sequence if there is an elementary embedding
j:V — M such that 7 is an extender sequence generated as above and i = v[7 for
7 < 1(¥). k(i) is the ordinal at the beginning of the sequence (i.e., k(Ey) = ),
and k°(z2) is (k())° (i.e., kK%(Eqy) = K).

That is, we do not have to construct the extender sequence until it is not in M.
We can stop anywhere on the way.

The generalization of the measure on the a coordinate in Gitik-Magidor forcing
[3) is Eq.

Definition 2.2. A sequence of extender sequences (i, . . ., fi,,) is called *-increasing
if K0(fy) < - < KO(fiy,)-
Definition 2.3. Let (fiy, ..., [i,,) be %-increasing. An extender sequence ji is called

permitted to {fiy, ..., [,) if &(i,) < &°(f).
Definition 2.4. We say A € E, if V¢ <1(E,), A € E,(£).

Definition 2.5. E = (E, | a € A) is an extender sequence system if there is an
elementary embedding j:V — M such that all E,, are extender sequences generated
from j as prescribed above and Vo, 3 € A,1(E,) = 1(E). This common length
is called the length of the system, 1(E). We write E(ji) for the extender sequence
system to which i belongs (i.e., E(E,) = E).

We point out that there is a x*-directed partial order on E inherited from A.
That is, Eg>g Eq <= B>aa. Of course, this implies that there is min E,

namely F,. From now on we use only the order >, even for A, and we write
dom F for A.

2.2. E,-tree.

Definition 2.6. A tree T is an E,,-tree if its elements are of the form

<<ﬂ17~'-7ﬂn>7s>

where
(1) if we set domT = {(fiy, .., fn) | {({F1s-- -+ Hy,), Sy € T}, then the function

</117 te 7ﬂn> = <<ﬂ1a e 7ﬂn>’5>
from domT to T is 1-1 and onto,
) t € Levy(domT) = |t =n+1,
) {iiy, ..., [i,) is a %-increasing sequence,
) Levo(domT) € E,, and for each t € dom T, Sucqom7(t) € Ea,
) Sis a ji,-tree. When 1(fi,,) = 0 we set S = 0.
Note that this clause is recursive.

(2
(3
(4
(5

Note 2.7. While we call T a tree, formally speaking, it is a function with domain a
tree (in the usual sense) of finite sequences.
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Note 2.8. Later on, we abuse notation and use T instead of domT. That is, we
write Sucr(t) instead of Sucqom 7 (t).
Definition 2.9. Assume 7T is a E,-tree and ¢t € T.. Then:
(1) T, = {(s,) |t~ s,8) € T}.
(2) T() is the tree, S, satisfying (i, S) € Levo(T).
(3) Ti(n) is the tree, S, satisfying (fi, S) € Sucr(t).
Definition 2.10. Let T, S be E,-trees, where 1(E) = 1. We say that 7' < S if
(1) Levo(T) C Levo(S), and
(2) Vt € T'Sucr(t) C Sucg(?).
Definition 2.11. Let T, S be E,-trees. We say that T' < S if
(1) Levo(T) C Levo(S),
(2) Vt € T'Sucr(t) C Sucg(t),
(3) V(i) € Levo(T) T() < S(f), and
(4) Vt e T V() € Ty Ty(in) < Si(fa).
Note that the last 2 conditions are recursive.

Definition 2.12. Let S be E,-tree and 3 > . Define T = WE}I(S) by
(1) domT = Wﬁ_’}l(dom S),l
(2) T(ﬁlv"'aﬁn—1>(ljln) = ﬂ—ﬁn,ﬂ'ﬁ)(x(/TL”)S(ﬂ—ﬁ,a(ﬁ1)7~~~17rﬁ,a(ﬁn—1)> (’n—ﬁ!a(ﬂn))'

Definition 2.13. Let T, S be Ej, E,-trees respectively, where 3 >5a. We say
that T < S if

(1) T < 75 0(S)
Definition 2.14. Assume we have A; gy, where ¥ is an extender sequence such
that each element in A gy is of the form (i, S) where 11 is an extender sequence
and S is a tree (in this work S is always a fi-tree). We define A(()D,R) ARy as

<ﬂa S> E(’A};} A(D,R) ~ V<Da R> K(D) < Ho(ﬂ) - </~7’7 S(D,R>> € A(D,R)-

3. Pg-FORCING
The definition of the forcing is done by induction on 1(E). Originally we started
by directly giving the general case. At the suggestion of the referee we have added

concrete definitions also for the cases 1(F) = 1, I(E) = 2 and several figures we
hope will enhance the intuition standing behind the definitions.

Definition 3.1. Assume 1(F) = 0. A condition in P} is of the form

{(m,pt},
where p{¥) € V is an extender sequence. Call it p°. (p*) =@ is allowed.)

When 1(E) = 0, the partial order <* degenerates into =.

Definition 3.2. Assume 1(E) = 0. Let p,q € P%. We say that p is a Prikry
extension of ¢ (p <* q or p <0 q) if p° = ¢°.

Definition 3.3. Assume I(E) = 0. We set (Pg, <) = (P%, <*).
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Hence, when 1(E) = 0, Pj is not really a forcing. We use it more as a place-holder
in order not to convolute later proofs with two cases everywhere.

Definition 3.4. Assume 1(E) = 1. A condition in PZ is of the form

{((, E(0)),p' ") | {a, B(0)) € g} U{T}
where

(1) g€ E, |g] <k,

(2) min E = (k, E(0)) € g and g has a maximal element,

(3) plEO) ¢ Vio(g) 1s an extender sequence which we call p° (we allow p° =
0),

(4) Y{a, E(0)) € g\ {(k, E(0))} p‘FO) ¢ [V,0()]=* is a %-increasing sequence
(we allow pt@FO) = @),

(5) T is a max g-tree such that for all + € T, and if p™&*9 ~ ¢ is -increasing,
(7) € T, then v = (£) for some { < k (meaning that 7 is an extender
sequence of length 0),

(6) for all (a, E(0)) € g, p° is not permitted to p®FO)

(7) ¥(#) € T |{{a, B(0)) € g | 7 is permitted to p{®FON}| < x%(7), and

(8) V(p) € T, if 7 is permitted to p{®EO) pleB©)  then

Tmax g,(8.5(0)) (V) 7 Tmax g, (0. 5(0)) (V)-
We write mc(p), p™¢, TP, E(p), suppp for max g, p™®9, T, E, g respectively.
Definition 3.5. Assume 1(E) = 1. Let p,q € P%. We say that p is a Prikry
extension of q (p <* q or p <0 q) if

(1) suppp 2 suppg,

(2) V<Cy7 E(O)1> (= supp q p<a,E(0)> — q(a,E(0)>’
(3) TP < Wmc(p)’mc(q)Tq,
(4) Y{a, E(0)) € suppq V(v) € T?

max ﬁ(p<“’E(0)>) < /@0(9) = Tme(p),a(?) = Tme(q),a(Tme(p),me(q) (P))-

Definition 3.6. Assume 1(E) = 1. A condition in Py is of the form

— —~

P Do
where

® po € Pp,

e p1€P;,

o:

® pn € Pfjnv
where E, fiy, ..., [i, are extender sequence systems such that 1(ji;) =0, ..., 1(ji,) =
0 satisfying

Vi <n—1k(f;4,) < £°(7;) where fig = E.

Definition 3.7. Assume 1(FE) = 1. Let p,q € Pgz. We say that p is a Prikry
extension of q (p <* q or p < q) if p, ¢ are of the form

p=pn - Do,
q:qn/\.../_\qo7

and



EXTENDER-BASED RADIN FORCING 1735

Po,qo € P§7 Pbo S* qo0,
p,q € Py, pr <7 o,

DPnyGn € PE”, Pn <* ¢n.

Po(sy, defined now, is the basic non-direct extension in Pg of the condition py,
which adds the extender sequence v € TP° to the finite sequence.

Definition 3.8. Assume I(E) = 1. Let p € P; and (7) € T?. In this case v = (¢)

/o~ ]

for some £ < k. We define (p) ) to be pj ~ pj where

(1) supppy = suppp,
(2) ¥(a, E(0)) € supp py,

<7Tmc(p),a(€)>7 maXK(p<a7E(0)>) < Ko(g)a o =R,
a,E(0 —
Py O = SO EO) ) a(€)), maxk(p@EON) < k0(€), a £,
plEQ) otherwise,

(3) T =T,
(4) suppp’1 = {<7Tmc(p),n(§)>}7

(5) 1?)/1<7TI"°(”>”‘(5)> = piEO)  (Note that p} € P

(Tme(p).r)”

)
Definition 3.9. Assume 1(E) = 1. Let p,q € Pp. We say that p is a 1-point
extension of q (p <! q) if p, q are of the form
P="Pnt1” Pn 7 Pos
4=aqn" " qo,
and

® Dit1,4; € PgLv Pi+1 <" qi for i = 1,...n,
e there is (7) € T'% such that p1 ~ po <* (qo) (5)-

Definition 3.10. Assume I(E) = 1. Let p,q € Pz. We say that p is an n-point
extension of q (p <™ q) if there are p”, ..., p" such that

p:pnélglpozq

Definition 3.11. Assume 1(E) = 1. Let p,q € Pz. We say that p is an extension
of ¢ (p < q) if there is an n such that p <™ gq.

It is quite clear that when 1(E) = 1, (Pg, <) is the Gitik-Magidor forcing from

[3] with the following slight changes:
(1) The support elements are («, E(0)) instead of a.
(2) pFO) has at most one element and not a finite sequence.

We give some figures in order to enhance the intuition behind these definitions.
In Figure [T we show a typical condition py € P5. In Figure21we show a 1-point
extension of py using ((v)) € T?, assuming &, > v°. In Figure B we show a
1-point extension of py ) using ((u)) € Tfl%, again assuming &1 > .

If G is Pg-generic and we set C* = [J{p*F) | p € G, (a, E(0)) € suppp},
then C'® is an w-sequence unbounded in k. B

We continue with the definition of Py for 1I(E) = 2.
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(€1,2)
(&1,1) (€2,1)
(€0,0) (£1,0) (€o,0)  TWo
(8, £(0)) (a1, £(0)) (a2, £(0))

FIGURE 1. An example of pg € P}, I(E) =

(€0,0)
(°)
(&1,2) (v)
(&1,1) (€2,1)
() (&1,0) (E20)  T7y
(k, E(0)) (a1, E(0)) (a2, E(0))
FIGURE 2. py(()), a 1-point extension of py using (v)
£0,0)
(v9)
%)
(u°)
()
(&1,2) (v)
(&1,1) (€2,1)
(1) (§1,0) (€200 Ty

(r, E(0)) (a1, E(0)) (a2, E(0))

FIGURE 3. po((),(u))» @ 1-point extension of py((,) using (u)

Definition 3.12. Assume I(E) = 2. A condition in P is of the form

{{{a, E(0), B(1)),p'*POEW) | (0, B(0), B(1)) € g} U{T}

where

(1) gC E, g <&,

(2) min E = (k, E(0), E(1)) € g and g has a maximal element,

(3) pmEBO).EM) ¢ V,.o() is an extender sequence that we call p° (we allow
P’ =0),

(4) Y{a, B(0), E(1)) € g\ {{x,E(0), EQ))} p'*POFW) € [Vop]< is a
Oincreasing sequence (we allow p{®F©).E1) — ¢),

(5) T is a max g-tree such that for all t € T, p™a*9 ~ ¢ is -increasing, and if
(D) € T, then either 7 = (§) or v = (E,e(0)>, where e(0) is extender and
¢ € dome(0),

(6) for all (a, B(0), E(1)) € g, p° is not permitted to pt®F©).F1),

(7) V(&) € T |{{c, E(0), E(1)) € g | 7 is permitted to pt®F0).E1) }| < k(v),
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(8) V(p) € T, if 7 is permitted to p{#EO)EWL) p(E0),E1)  then
Tmax g,(8,5(0),2(1)) (7) # Tmax g,(a, £(0),B(1)) (V)-
We write mc(p), p™¢, T?, E(p), supp p for max g, p™®9, T, E, g respectively.
Definition 3.13. Assume 1(E) = 2. Let p,q € P%. We say that p is a Prikry

extension of q (p <* q or p <Y q) if

(1) suppp 2 suppg,
(2) Va, B(0), B(1)) € supp g pl*EO-ED) = gl EO-ELD,

(B) T < Tone(p), me(a) T )

(4) ¥{o, E(0), E(1)) € suppq V(v) € T?

max /i(p<"’E(0)’E(1)>) < /@O(D) = Tmep),a(?) = Tme(q),a (Tme(p),me(q) (7))

Definition 3.14. Assume 1(E) = 2. A condition in Pj is of the form

—~ —~

Pn - Do
where
® po € PE:a
® D1 € P/;«Kl’
o
® pn €Dy,
where E, fiy, ..., i, are extender sequence systems such that 1(ji;) < 2, ..., 1(j,) <

2 satisfying
Vi <n—1 k(1) < &°(f1;) where fig = E.

Definition 3.15. Assume 1(E) = 2. Let p,q € Pz. We say that p is a Prikry
extension of q (p <* q or p <° q) if p, ¢ are of the form

—~

p=pn" " Pos
q:qn/\...,\qo7
and

® po,q0 € P, po <™ qo,
® D1,q1 € PEU p1 S* q1,
o
i pannEPL ,an dn-
Po(w), defined now, is the basic non-direct extension in Pg of the condition po,

Wthh adds the extender sequence 7 € TP to the finite sequence. If 7 = (&, e(0)),
then a condition p} € P, (g is added.

Definition 3.16. Assume 1(E) = 2. Let p € P and () € T?. We define p(;y to
be pi 7 pf, where

(1) supppy = suppp,
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(2) Y(«o, E(0), E(1)) € supp p; p6<a’E(O)’E(1)> =
<7rmc(p),o¢(£) 6(0)>, maXﬁ(p<a’E(O)’E(1)>) < Ro(g) V= <£ae(0)>a

’ (@.B0)E)y < 1 0(e). 5 —
PEOLD ) o) €0)), T ) < w0, 2=

max /i(p<"’E(0)’E(1)>) < K(€), v = (&),

<7Tmc(p),a(§)>’ a =R,
pleE0).E@) otherwise,
(3) TPo = Ty,

(4) if v = (£), then
(4.1) suppp) = {<7TIIIC(;D),/€(£)>}7
(4.2) plTme =) _ .80, BQ)),
(4.3) TP =0,
(5) if v = (£, e(0)), then
(5.1) supppi = {{Tme(p),a(£), €(0)) | (o, E(0), E(1)) € suppp,

max i (p'@FOF)) < 10(€)},

(5.2) V{Tme(p).a(€), €(0)) € suppp} pyme® @O — B0, BM)

(5:3) TP = TP((¢,(0))) (note that p} € PYy)).

Definition 3.17. Assume 1(E) = 2. Let p,q € Pz. We say that p is a 1-point
extension of q (p <! q) if p, q are of the form

P=DPn+1 Pn - Do
4=qn" " qo,
and there is 0 < k < n such that
® pi,qi € P, pi <*qfori=0,....,k—1,
® pit1,¢ € P, piy1 <Fgifori=k+1,...,n,
e there is (7) € T'% such that pri1 ™ pr <* (q&)(5)-

Definition 3.18. Assume I(E) = 2. Let p,q € Pz. We say that p is an n-point
extension of q (p <™ q) if there are p”, ..., p° such that

p:p"élglpozq

Definition 3.19. Assume 1(E) = 2. Let p,q € Pz. We say that p is an extension
of ¢ (p < q) if there is an n such that p <™ gq.

When 1(E) = 2, the forcing Pj is similar to a special case of the forcing defined
in [8]. Again we give some figures in order to enhance the intuition behind these
definitions. In Figure @l we show a typical condition py € P. In Figure [ we show
a l-point extension of py using ((v)) € TP, assuming 5?72 > 0. In Figure [6] we
show a 1-point extension of pyz using ((u)) € T<pl_f’>7 again assuming &1 > p°.

Let G be Pp-generic, and let O = (J{p(®FOEW) | p € G, (o, E(0), E(1)) €
suppp}. Then C® is an w?-sequence unbounded in .

Set also C* = [J{pO) | p € G, (i1, e(0)) € supp p}. Then C* is an w-sequence

unbounded in 1.

We now leave the special cases and define the forcing notion for arbitrary 1(E).
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&2
§11 &2
£0,0 &0 £20 TPo

(r, E(0), E(1)) (a1, E(0), E(1)) (a2, E(0), E(1))

FIGURE 4. An example of py € P, I(E) = 2

0,0
)
1,2 v
§11 §2.1
V0 §1,0 §2.0 T’Z))
(k, £(0), E(1)) (an,E(0), E(1)) (a2, E(0), E(1))
FIGURE 5. py(py, a 1-point extension of py using (v)
£0,0
)
v
§2.1
O b T e0)
(1°,e0))  (u,e(0))
1,2
§11
(40, ¢(0)) €10 ) T i

<H7E(O)aE(1)> <C¥1,E(O),E(1)> <C¥2,E(O),E(1)>
FIGURE 6. po(,(u.e(0))), @ 1-point extension of py(,y using (u, e(0))

Definition 3.20. A condition in PE is of the form
{®07) | 7€ gt u{T}

where
(1) g C E, |g9| <&,
(2) min £ = E,; € g and g has a maximal element,
(3) pminE ¢ V.o() 1s an extender sequence, call it p° (we allow p° = (),
(4) vy € g\ {minE} p7 € [V,o5)]< is a %-increasing sequence (we allow
p? =0),
(5) T is a max g-tree such that for all t € T, p™89 ~ ¢ is "-increasing,
(6) for all 4 € g, p° is not permitted to p7,
(7) V(ry € T {¥ € g | v is permitted to p7}| < x°(v),
(8) V(v) € T if v is permitted to p”,p7, then m,. . 5(7) # Tmaxg.5 (7).

We write mc(p), p™¢, TP, E(p), supp p for max g, p™®9, T, E, g respectively.
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Definition 3.21. Let p,q € P5. We say that p is a Prikry extension of ¢ (p <* q
or p <%gq) if
(1) suppp 2 suppg,
(2) Vv € Suplpq P =q,
(3) T < ety e T
(4) vy € suppq V(v) € T?
max #(p7) < £(7) = Tinc(p)5(7) = Tme(g)5 (Tme(p) me(a) (7).

Note that if p,q € Pg satisfy all details of the above definition except H] then by
just shrinking TP we can get Bl also. The proof is the same as the one given in [3].

In many cases in the sequel we use T3 T Whenever we do so we automatically
assume the above shrinkage, which of Course depends on the conditions used.

Definition 3.22. A condition in Py is of the form

— —~

P po
where
® po € Pp,
e p1€P;,
o
® pn € Pfjnv
where E,,Lzl, ..., [, are extender sequence systems such that 1(ii;) < I(E), ...,
1(,,) < I(E) satisfying
Vi <n—1k(f;4,) < £°(7;) where fig = E.
Definition 3.23. Let p,q € Pg. We say that p is a Prikry extension of q (p <* ¢
or p <% q) if p, q are of the form
P=pPn - Do,
9= " " qo,

and

Po,qo € P* Po S* qo0,
P11 € Pul’ P <" q,

Pn,qn € P:, y Pn <F gn.

Po(wy, defined now, is the basic non-direct extension in Pg of the condition po,
Wthh adds the extender sequence v € TP° to the finite sequence. A condition
pi € Pp(y) is added.

Definition 3.24. Let p € P% and (7) € T?. We define (p) ) to be pj — py where
(1) supppy = suppp,

Tme(p),5 ()5 max #(p7) < k°(7), 1(7) >0,
5 - max k(p7) < k°(9), 1(7) = 0,
B p Wmc(p),'y(y)a _ I
(2) ¥y € supppp py’ = 1 B
0ro _ ) max k(p7) < k°(9), 1(7) = 0,
mc(p),¥y ’ 5= En~
7, otherwise,
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/

(3) TPo = T{;y
(4) if (7)) = 0, then
(41) Suppp,l = {’n—mc(p),EK (17)}’
(42) p'IWImC(P),En(V) :pE",
(4.3) TP =0,
(5) if I(¥) > 0, then i
(5.1) suppp| = {Tme(p),5(7) | 7 € supp p, max k(p7) < kKO(P)},
(5.2) Ytune(p).5(7) € suppph py =7 = i,
(5.3) TPt = T?() (note that p, € P for € associated with 7).
Definition 3.25. Let p,q € Pg. We say that p is a 1-point extension of ¢ (p <! q)
if p, ¢ are of the form

—~

P:Pn+1ﬂpnh"' Po,
q9=qn" -+ Qo
and there is 0 < k < n such that
® pi,¢; € P, pi<*qifori=0,....k—1,
® Dit1,4qi € PgLv Pit+1 <" qi for i =k + 1,...,m,
e there is (7) € T'% such that pri1 ™ pr <* (q&)(5)-
Definition 3.26. Let p, g € Pz. We say that p is an n-point extension of ¢ (p <" q)
if there are p™,...,p° such that
p:pn él Slpozq
Definition 3.27. Let p,q € Pz. We say that p is an extension of g (p < q) if there
is an n such that p <" q.

Later on by Pg we mean (Pg, <).

G
110 21
foo &0 & TP

E. E., E.,

FIGURE 7. An example of pg € PE

Note 3.28. When_l(E) = 1 the forcing Pf is the Gitik-Magidor forcing from section
1 of [3]. When 1(E) < & the forcing Pj is similar to the forcing defined in [§].

In several places we want to prevent enlargement of the support of a condition.
This makes all the conditions which are stronger than some condition but with the
same support resemble Radin forcing. The following definition catches the meaning
of not enlarging the support. The ‘resemblance’ we look for is

Definition 3.29. Let p,q € Pz. We say that p <3 ¢ if
(1) p<* ¢, and
(2) suppp = suppg.
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0,0
)
€1,2 SV>
{1,1 5_2,1
(") &o o Tfi)
E. E. FE,,
FIGURE 8. py(z), a 1-point extension of py using (v)
0,0
(%)
)
Ean
%) Lo T ()
T
5:1,2
?1,1
i° §10 I (p(?, )
Ef-i Ea1 EO’Q

FIGURE 9. po((),z), @ 1-point extension of py,y using fi

Definition 3.30. Let p,q € Pg. We say that p <}, ¢ if

(1) p<!q, and

(2) in the definition of <!, we can replace <* by <%
Definition 3.31. Let p,q € P5. We say that p <% ¢ if there are p", ... ,p° such
that

p=p" <k <pp’=q
Definition 3.32. Let p,q € P;. We say that p <gr ¢ if there is an n such that
P<kq
Note 3.33. The above definitions imply that if p < ¢, then there is an r such that
p<*r<gpq.
Note 3.34. When 1(E) = 1 and we force with (Pg, <g) below some p with maximal
coordinate «, we are forcing just the tree Prikry forcing for the measure F, (0).
Definition 3.35. Let € be an extender sequence such that x°(€) < k°(E). Then
Pg/Pe={p|3q € P, ¢~ p€ Pg}.
4. RADIN FORCING

The main aims of this section are [£8 ET0l Since the simplest way we found
to formulate them was with Radin forcing [7], [5], [10], we took the opportunity to
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depart from the usual formulation in order to work in the spirit of the extender-
based forcing we defined in section [3

The main point is that possible extensions of a condition are stored in an E,-
tree and not in a set. The « is fixed; so practically we deal here with a measure
sequence and not an extender sequence.

Definition 4.1. A condition in R, is of the form
<</j’n7 5n>’ Sn’ Tty </'7’15 81>7 Sla </-7’Oa SO>7 SO>7

Hgy -y Iy, arE extender sequences,
Vi <n—1k(f1) < &0(7,),

Vi <n S'is a ji;-tree,
(5) Vi <n s' € Viorn,) is an extender sequence.

Definition 4.2. Let p,q € R,. We say that p is a Prikry extension of ¢ (p <* ¢
or p <% q) if p, q are of the form

p= <<ﬁna3n>vsna .- '7<ﬂ1a31>7517 <Ea780>a50>a
= <<p’n7tn>7Tn7 ] <p/17t1>7T15 <Eaat0>7T0>7
and
o Vi<nS <T?,
o Vi<ns =t

Definition 4.3. Let p = ((ii,,, s"), S", ..., (jiy, s), SL, (jig, s°), SV) where ji, = E,.
Let (v) € S*. We define (p)y to be
)5y = ((fn, 8™, 8oy (g, s77), ST,
(7,5),8"(9), (i, ), Sz,
(1,871,870 (g, 8°), 8°).

Note the degenerate case in this definition when 1(#7) = 0. In this case S*() = 0.

Definition 4.4. Let p,q € R, where
¢ = ((fin,s"), 8", ..., (i, 81), 8", (g, °), S°).

We sezy)that p is a 1-point extension of q (p <' q) if there is (¥) € S* such that
P <" (q)w)-

Definition 4.5. Let p,q € R,. We say that p is an n-point extension of g (p <™ q)
if there are p™, ..., p° such that

p=p" <. <l =q

Definition 4.6. Let p,q € R,. We say that p is an extension of ¢ (p < q) if there
is an n such that p <" gq.

Lemma is needed in the proof of Theorem[TIl Very loosely speaking, Lemma
means that if “something” happens on a measure-one set for one of the measures,
that “something” is happening on a measure-one set for all the measures.

Lemma 8] is proved by induction, and Lemma B is the first case of the induc-
tion.
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Lemma 4.7. Suppose 1(E,) = 2, i
such that Levo(T) € Eo(i), and V(D

CARMI MERIMOVICH

< 2, and there is a tree T (not an E, tree)
) € T Tipy is an Eq-tree. Then there is an

E-tree, T*, satisfying

1) VoyeTnT* T,
(2) if p < ((Ea, (), T*), then there is (i) € T* N'T such that

o < Ty, T*(v) <T(P), and

2l ({(Bas 00, T*)) -

Proof. There are two cases to deal with:

o Ay = Levo(T) € E,(0): If Ag € E,(1), we set T* = T, and the proof is

finished. So suppose Ay ¢ E4(1). We would like to build A; € E,(1). Set

V{(ftg) €T Agagyr = (i1, S) € Ty | Ao N (i) € #1(0) () }-

Since Ag € E,(0) and Sucr((fig)) € Ea(1), we get that Ay 1 € Ea(1).
Let

A= A A
(o)ET

ﬁo),l'
We can now construct 7:
LeVO(T*) =AgUA;,
Vﬂl E Al T(jjl/l) — ﬂ T(,aoqu)'
(fig:iy ) ET
Ay =Levo(T) € Eo(1): If Ay € E,(0), we set T* = T and finish the proof.
So assume A; ¢ E,(0). We would like to build Ag € E,(0). Set
S =j(T)((a, B(0))),
AQ = LevO(S) \ Al.
We construct T*:
Levo(T*) = Ao U A4,
vﬂl € Al T<y;11> == T(
We are left with the construction of T(*ﬁo> for fi, € Ag. For all i € Ay, set

Agigy0 = Sucs ({fio)),
Agagy.r = {1 T(E1) o)) | (Ha) € T, (i) € T(f11)}
Sucr- ({ft0)) = Ag).0 U Agzg) 1
Vil € Ay T(Eoqu) =Tin,)-
We continue one more level and hope this will convince the reader we indeed

can complete T*. We are left with the construction of Tg'i - for (fig, 11) €
Ag X Agpgy,0- For all (fig, fig) € Ag X Az y,0, set

A1)-

Ay )0 = Sucs ((fig, 1)),

Aty i1 = 2, T(H2) (ag,ny)) | (B2) € T, (fgs 1) € T(fi2)},
Sucr- ((figs 1)) = Atgig.ay).0 U Aig i) 15

VHg € Ay, )1 T(ﬁo,ﬁpﬁﬂ = Tip,)-
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We are left with the construction of 777, . . . for (fig, fiy, fiy) € Ap X
Azgy,0 X Aag,a,),0, and we hope that by now the continuation is clear. [J

Lemma 4.8. Let & <1(E,), and let T be a tree such that Levo(T) € Eq (&) and
V(i) € T Tipy is an Eq-tree. Then there is an Eo-tree, T*, satisfying

(1) ¥{o) e TNT* Ti) < Ty, T*(7) < T(9), and
(2) if p < ((Ea, (), T*), then there is (i) € T* N'T such that

Pl ((Bas 0),T%)) -

Proof. Our induction hypothesis is that this lemma is true for i’s with 1(ji) < 1(E,).
The previous lemma is the case for 1(z) = 2.
Let S = j(T)(Eal0). The tree S is an E,[{o-tree. We extend it step by step
to a full FE,-tree as required.
Let
Ag, = Levo(T),
Acg, = Levo(9) \ Ag,-

For & < € <1(E,), do the following:
Ne = Ult(V, Ea(€)),
ke([M]B.(6) = (h)(Ealf),

e

k
Ne = UL(V, Eq (£))

M

Since
(a, EQ0),...,B(1),... | T<&) = k&([id]Eu(f)) € ran(ke),
there is in N¢ a preimage for it:
(/,E0),....,E'(T'),...| 7 < &).
Since A¢, € Eq(&), {0 < &, we have 7/ < ¢ such that Ag, € E!, (') (where
o = [k(id)]g, (). Taking a function he such that [he]g, (o) = 7', we get
{7 Agy N6 () € flhe () iy} € Ea(8)-
For each 1y € A¢, we set

Ae (ay.T(Ry)) = 11, R) € Tigyy | Agy N K (j1y) € B (he (1)) r() b5

0
Ag @ TA(ﬁ Aot
0> 0

For any tree R which appears in a pair (fi;, R) € Ay we can invoke our lemma by
induction and generate R* which is a fi;-tree. Now define A¢ as

</-7/1)R*> € AE — <ﬂ17R> € AIE
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When we have {A¢ | & < & < 1(E,)} we set
Aseo = |J  Ae\ (g UAg),

Eo<€<I(Eq)
LeVO(T*) = A<§0 U A, U A>§0’
V(i) € Ago Tiy = Tig)
V(i) € Asg, Tin )y = ﬂT<ﬁ07ﬁ1>'
We are left to define T\ ) for (fig) € A<¢,. For each jig € Acg,, set
A(ﬁo)fo = {<ﬂ17R(ﬁ0>> | <:L_L17R> € AEO’ <:L_"O> € R}a
Ay, <go = Sucs ({0)) \ A(g) &o-
For each 1, € A¢, we set
Ali) iy T ngy) = L2, B) € Tiyy | Ao N K (fi) € fin(he(in))may) }

Ape= A% AG) e 1) )
ol Ty gy o T o)

We define
<ﬂ0’ R*> € A(ﬁo)a& — <:L_l‘07 R> € Al(ﬁo%f

where R* is generated from R using the current lemma by induction. Now we set

Apy s = U Ale \ (Alag),<eo U Alzg) o)y

E0<€<1(Eq)

SuCT*(<ﬂ0>) = A(ﬁo>7<§0 U A(ﬁ())afo U A<ﬁ0>a>507

V(i) € Apggo Ty iy = L)

v<l_"’2> € Aﬁ07>§0 Tgkﬁo,ﬁ2> = ﬂT<ﬁ1aﬁ2>'
This leaves us with the definition of Ty 5y for (fig, fi;) € A<g, X Ay, <go» Which
is done exactly as in this step. (I

Lemma is needed in the proof of Theorem [6.1l Loosely speaking, it says
that if “something” happens on all extensions which are taken from domT', then
that “something” happens on all extensions from T'.

Lemma [£T0is proved by induction where Lemma [0l is the first case.

Lemma 4.9. Assume 1(E,) = 2, and let T be an E-tree. Then there is T* < T
such that, if

p < ({Ea: (), T7),
then there is (U1,...,Un) € T such that
P < (((Bay 00 T)) 5y oy

Proof. As is usual in this section, the proof is done level by level. Let us set T4 = T..
It is trivially true that if

p <t ((Ba, 0),TY),
then there is (1) € T' = T such that
p <t (Ba O1TY) .
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We continue to the second level. Let us set

A<l71751> = SUCTl (<I71>),

0
Ay = A7 Ap, sy,
<V1151>

By = {{72) | (72) =0 or Levo(TY) Nk (72) € Dy},
Levo(T(O)) = A() N B<>,

Let us assume that

There are two cases to consider here:

(1) p <2 (((Ea, <)),T2>)<l71 7) where (71, 72) € T?: At once we have (i1, 72) €
TH<T.

T <T.
We show how to continue to the third level. Let us set
A<;17517D2,52> = SuCTz (<l71, I72>),

Aoy = A0 A, 515,57,
(72,52)

B<171751> = {<l73> | 1(173) =0or SuCT2(<Dl, Sl>) N HO(Dg) S 53},
Levo(T) = Levo(T?),
SuCT(o) (<I71>) = A(,;hSl) n B<l71751>,
(0) _ 2
T<l71,l73> - n T(Dl,f/g,:?g)v
(72)€T(,) | (7s)

0
Ay = A" A, sy,
(71,5%)

B<> = {<l73> | 1(173) =0or LeVO(TQ) n HO(173) S 173},
LeVO(T(l)) = A<> N B<>,
Sucra ((73)) = ﬂ T<2171,172,173>5
(D1,02) €T ) (73)
3 =T7>NnTON70,
Let us assume that
p<? ((Ea, (), T?).
There are three cases to consider here:

(1) p <* (<<£79(1,<)),T3>)<l71 P2.75) where (i71,79,73) € T3: At once we get
(D1,09,03) €T.
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( _ where (v1,v3) € T3, () € T3l71>(173): In
this case V(i) € T7, \(73) (73) € T7),, - Since (72) € T, (73), we get
)

(D1,
3) p<* (((Ea, <>>’T3>)(93,91,52) where (73) € T3, (1,72) € T3(v3): Then
v<ﬂ1aﬂ2> € T3(D3) <D3> € T(3p17,12>; hence <D3> € T<171,l72>'
In this way we continue to all levels. O

Lemma 4.10. Let T be an E,, tree. Then there is T* < T such that if

p < ((Ea, (), T"),
then there is (D1,...,Un) € T such that

p < ({{Ea, (), T))

Proof. The proof is by induction on 1(E,). The first case was done in Lemma A3l
The proof is almost the same. We just make sure to invoke the induction hypothesis
while repeating the construction.

Construction of T and T2 is exactly as in Lemma@9l We show the construction
at the 3rd level.

Let us set

(D1, s7n)"

A<;17517D2,52> = SuCTz (<l71, I72>),

Aoy = A0 A, 515,57,
(72,52)

Bty = {(73) | 1(73) = 0 or Sucg=((71,S") Nk’ (73) € 73},
Levo(T) = Levo(T?),
SuCT(o) (<I71>) = A(;hSl) n B<91,51>,

(0) _ 2
Ty o5 = N Th s
(72)ET(,) | (7s)

0
/() = _A A<l71751>’
(71,51)

Ay = {(73,5%) | (73,5%) € A}y and S is generated from S by induction},
B<> = {<l73> | Z(Dg) =0or Levo(TQ) N HO(173) € 173},
LeVO(T(l)) = A<> N B<>,
Sucpa) ((73)) = ﬂ T<2171,172,173>a
(D1,02) €T ) (73)
3 =17>NnTON7TW,
Let us assume that
p2 " p1 " po=p <* ((Ea, (), T?).
There are three cases to consider here:

(1) p <* (<<Ea’<>>’T3>)(z71 P25) where (1,2,73) € T3: At once we get
(V1,02,03) €T.
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(2) p <* (<<E°"<>>’T3>)<Dl,ﬁg,ﬁz> where (1,73) € T3, (V) € T3l71>(173): In
this case, V(i) € Tj,\(73) (73) € T(,, .. Since (2) € T7, \(73), we get
(73) € T, 5m)-

(3) p<? (({Ea, (), T3>)<173> where (73) € T% and pa ~ p1 <% (73, (), T3(73)).
By induction there is (1, 72) € T'(P3) such that

)

P2 p1 < (<<173a <> 7T2(D3)>)<171,172>'

By construction, Y{jiy, jiy) € T%(73) (v3) € T<2ﬁ17ﬁ2>; hence (73) € Tz, 5,)-

In this way we continue to all levels. ([l

5. BASIC PROPERTIES OF Py
Claim 5.1. Py satisfies kT -c.c.
Proof. The usual A-lemma argument on the support will do. [l

Claim 5.2. Let p€ Pz, P* ={q<rp|p€ Pg}. Then
(1) (P*,<R) satisfies k*-c.c., and
(2) (P*,<g) is sub-forcing of (Pg/p,<).

Proof. Showing xT-c.c. is trivial.

Showing that P* is sub-forcing of Py /p amounts to showing that any maximal
anti-chain of P* is also a maximal anti-chain of Pg/p.

Let A be a maximal anti-chain of P*. Let ¢ € Pg/p. Then ¢ < p, and there
is ' € P* such that ¢ <* v/ <g p. Assume that ' = r/, ™ -7 r{. Then also
q=gqn """ qo. Let r; be r; with T"i replaced by T7i N Tme(q:),me(r) (T%) and
r=r, -+ " rg. Since r € P* and A is a maximal anti-chain, there is an a € A
such that a || r. Take s <g a,r. Considering how we constructed r from 7/, we
must have ¢ <* s such that ¢t < ¢q. Hence ¢ || a. So we get that A is a maximal
anti-chain of Py /p. O

Claim 5.3. Let p € Pg, P* = {q<gpp|p € Pg}. Then there is v € Ry (p) such
that P* ~ Ry,c(p)/7-

Proof. For simplicity, assume that p = pg. Then we set r = ((mc(po), pg*c), TP).
We give the isomorphism: The image of ¢ € P* is s € (Ryc(p) /7, <) such that

(1) g <* s, and
(2) T® =T9% where s =5, -+ " S80,¢=¢qn "+ qo. U

Let G be Pg-generic.

Definition 5.4. Eg is the enumeration of {E(py) | pn ~--- " po € G} ordered
increasingly by x°(E(px))-
Definition 5.5. Let ( < otp(E¢). Then

(1) GIC={pn ™ "pr|pn ™ """ po € G, E(pr) = Ec(()},

(2) G\¢={pe—1 " "polpn """ " po € G E(pr) = Ec(C)}-
Definition 5.6.
Mg = J{p® | p € G, Eq €suppp}, ,
Ce ={x(p) | pe Mg}
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Proposition 5.7. (1) C§& is a club in k.
(2) C& is unbounded in k.

3)a#f = C%+#CP.

Proof. The first two claims are immediate, since these are sequences generated by
Radin forcing.
The last is by density and noticing that for p € Pz when v € TP is permitted

for pEa 7pEﬁ we reqUired 7Tmc(p),Ea (D) 7é 7-‘-Inc(p),E_‘g (D) u

6. HOMOGENEITY IN DENSE OPEN SUBSETS

Our aim in this section is to prove the following

Theorem 6.1. Let D C Pg be dense open and p =pr -+ po € Pg. Then there
is p* <* p such that

E|Sk anv<l7k’1, e l_/k,nk> € Sk . HSO 3710V<l70’1, e DO,n0> € SO

(p2)<17k,17~~~717k,nk> RE 'A(pzf))(ﬁo,hm,ﬁo,no) €D

where

(1) §' C TP V™, and
(2) VI < ny; V<Dl, ceey Dl> e s 3§ Sucsi(@l, cey l7[>) S Emc(pj)(g)

The proof is done by a series of lemmas.

Definition 6.2. Let p € PE. Let s be a function such that doms C F and for all
a,B € doms, a # 3,

(@) is an extender sequence,

s(@)) = 1(s(0)),_
O(s(@)) = x°(s(B)),
(@) # s(0)-

We define (p)(s) to be pj ~ pj where

(1) s
(2) 1
(3) &
(4) s

(1) supppy = suppp,
(2) Ya € supppy

s(@), a € dom s, max r(p®) < K%(s(a)), 1(s(a)) > 0,
pe =4 p§ " s(a), @€ doms, maxk(p®) < k°(s(a)), 1(s(a@)) =0,
p%, otherwise,

(3) if s(mc(p)) € TP, then TPo = T&mc(p)»; otherwise we leave T?0 undefined,
(4) if V& € dom s I(s(@)) = 0, then p} = 0,
(5) if Va € dom s 1(s(@)) > 0, then

(5.1) suppp) = {s(@) | @ € suppp N dom s, max x(p®) < k% (s(a))},

(5.2) Va € supppf Vs(a) € suppp; py @ = p, ,
(5.3) if s(mc(p)) € TP, then TP = T?(s(me(p))); otherwise we leave TP1
undefined.

Definition 6.3. Let p € P;. Let s be a function with doms = 1,...,n such that
for all i, s(i) satisfies Definition[6.2. Then we define (p),) as p™ where p" is defined
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by induction as follows:

P’ =p,
P =0T Tl T (00) (st
We note the following: If (#1,...,7,) € T? and for all 1 <i < n we set

S(Z) = {<d77rmc(p),o7(17i)> | o€ Suppp}a
then

(p)(f/l,...,Dn} = (P)(s>~

We use this operation also in cases where p is not strictly a condition. That is, if
pU{T} € Pg, we also use (p)(s). In this case we ignore the trees in the definition.

This definition is used in the proof of the homogeneity, because we do not know
beforehand what a legitimate extension is. By checking all possible u’s we check
all legitimate conditions which might be extensions.

Claim 6.4. Let D be dense open in Pg/P:z, p = po € Pg/P:, 0 <n < w. Then
there is p* <* p such that one and only one of the following is true:

(1) There is S C TP |[V,]™ such that
(1.1) Yk <n3E <I(E) Sucs((P1,...,7k)) € Emepe) (),
(1.2) Y(D1,...,0n) €S (0" )(51,...50) € D.
(2) V(U1,...,0n) € TP Vg <* (P*)r,.ony 4 & D.
Proof. We give the proof for n = 1. Adapting the proof for higher n’s requires that
whenever we enumerate singletons we should enumerate n-tuples and when we use

j we should use j,.
We start an induction on ¢ in which we build

(@%,uf | € < k).
We start by setting
u’ =po \ {T™},
a° = me(po),
70 = 170 [wgoljo{f/ | K°(7) is inaccessible},
and taking an increasing enumeration
{s°(0) | () € T°} = (7e | € < ).
Assume that we have constructed
(@5, ut | € < &).
We have two cases. If & is limit, choose a0 >g a® for all £ < & and set
ut® = U ut U {(a%,t)} where k%(t) = 7¢,.
§<&o
If & = £ + 1, for each v such that k() = 7¢ we set
Sw)=( JI {alsm)=r"@}) x{®)}.

Qagsupp u
r((u)*)<Te
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Let

and fix an enumeration of S,
S= (s [ p < 7).

There are fewer than 7¢, elements in S. We use 7¢,, because this is the maximum
size S can have without “killing” the induction.
We do induction on p which builds

<@£o,p7ugoavagmp’uﬁmp’Tlimp | p< 7',50),

from which we build (@, ué). Set

afo0 — @57
§0,0 _ &
ug”” = ug.

Assume we have constructed (@02, uS*? TSP | p < po).
We have two cases.
If pg is limit, set

Vp < po F50:P0 >5 d§07P7
wboPo — U uboP {<@§0,P0,t>} where KO(t) = 7.
P<po

We set T(‘)Eo’p ° and Tfo’p © equal to anything we like, because we do not use them
later.
If po = p+ 1, let (7) = 550(2). Set
= = ()
T(S, = 71—(561’540 (T(OD>)a
o —1 0/~
Tll — ﬂ—mc(u/l/),ﬁ(T (l/))
If there are
¢y <" uy U{TY'},
db <" o LT
such that

then set

dfmpo — mc(qé),

uf"? = u U (gh \ (o U { T ),

Tgmpo _ Tq('),
o = gi \ (wf U {1},
ai"" = me(q;),

Tlimpo — T4,
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otherwise set
Fo:po — —50797

§0,00 __
u =u

£o,p
)
mospo _ it
0 - +0>
€0,00 __
ui”? =0,
a%oypo _ mc(u”),
§0.p0 _ it
T; =T7.

When the induction on p terminates we have (a%0*, ugo”’, Tgo’p, uOP T | p <
Teo)- We continue with the induction on . We set

Vp < ¢y a0 >gator,

u§ = U us*? U {(a*,t)} where maxr’(t) = 7.
pP<Tgq

When the induction on ¢ terminates we have (@, u§ | € < k). Let

Ve < k@t >gab,

py = U u§ U {(a*,t)} where max x°(t) = max pj.
(<K

We set
Levo(T™') = m_, .o Levo(T°).
Let us consider (7) € Levo(T?'). There is ¢ such that £%(7) = 7¢. We set
s(1) = {{@, ma+ 4 (7)) | @ € supp pp },
5(2) = {{marr a0 (@) } .
Let &g = € + 1. By our construction there is p such that

(u(5)07po)<s> _ (ugoypo)“&om)

where pg = p+ 1. We set

-1 , -1 0
T = Tawr acor (TEP) N7l o (T e o on);
T”S/(f/) _ Tlémpo7

dll(D) — d§07p07

() = uf

Note that 77 is not legal as a tree in a condition, because if p}(7) # 0, then
T?5' (7) might be defined on too high a coordinate. We abuse the notation, because
wherever Tp(*)/(f/) appears, so does p (7).
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Let us show that p§ approximates the p* we are looking for. So let (7) € TP6'
and assume

(6.4.1a) a1 <" py(7) U (05 ) o)1,
(6.4.1b) 0 < ((P5")())o,
(6.4.1c) ¢ " aqp € D.
Let & be such that k() = 7¢. Set
s(1) = {(@, ma~a(¥)) | @ € supppy},

V)

(
(2) = {{ma=1,a0 (7)) } ,
where g =&+ 1, pg = p+ 1. By our construction there is a p such that
(u§07po)<séo’p> — (UEO’pO)<S>.
Let us set
r = () U LT b) (o U {TE } ).
By construction we have
(PL(7) U ((06")my)1) ~ (96 )(m))o <7 1
So what we have is
D>q gy <
This is a positive answer to the question in the induction. Hence
re D,
which gives us, by openness of D, that
(6.4.2) (P1(7) U (P oy)1) ~ (06" ()0 € D-
Having proved this approximation property of p{’, let us consider the set
B={(®) €T | 3¢ <" (1(¥) U((p5")m)1) ~((p5)m))o ¢ € D}.
Let @ = mc(py). There are two cases to be considered.

(1) 3¢ <1(E) B € Ez(Q).
Let us set

p% = j(pll)(E&*' K)7
= me(pf),
A< — {0 | (D)), = Ph(mzer oo (D))}

Clearly
AS € Egze(Q).

Let B >q B a*. Set T¢ = 7T5€1 (TP3"). Since TS is not legal as a tree,
we give the necessary modification making T legal:

Ve TrﬁC 5C’ (AC) TC(D) = ’/Tl;i_/ )&*/(D))Tpg (71—5475‘*/(17))’

W gl s (A) T ) = 7o oo TP (e e (7)),

p¢ =pS Upy U{(B%, )} U{T} where maxt’ = p.
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The nice property of p¢ is that when (7) € TC[(wB< ﬁ—o)_l(A() we get

() ) <* (P16 5or () U0 ) e 0))1)
(06 ) tr e s )0
We set
p* =1,
A= LeVO(TC) N (ﬂ'Bg’Bg/)_lAC,
and show that the claim is satisfied. Assume that
(V) € A,
a1 <" ((P") o)1
a0 <* ((P")(5))os
¢; " ap € D.
Note that
() @)1 <" Pi(mse o) U (PG ) (s o) )1
()50 < (@) im e o)
Hence, we know that
@ <" DA 4 (7)) U () i oo o)1
a0 <" (P ) (mye e 2))0
¢ "o € D.
This is the assumption (6.4.1]). So from ((.4.2) we know that
(Pi (756 gur () U (P ) (¢ s ))1) (P Ve s ))0 € D-
Hence, by openness of D,
(»")w) € D.
(2) V¢ < I(E) B ¢ Eg+((), which is the same as saying that
{(7) € T | Vg <* (P1(2) U (1) o)1) ~((05)is))o @ ¢ D} € B,
In fact, from the construction we can see that
{(7) € T | pi () = 0} € Ean.
So we really have
A={() e T |¥g <* (i) ¢ & D} € Eqer,
and the completion is quite easy now; we set

Tp* _ Tp*/ [A

p* =p§ U {T”*} .
O

Claim 6.5. Let D be dense open in P /P, p=po € Pg/P:. Then there isp* <*p
such that one and only one of the following is true:

(1) There aren < w, S C TP [[V.]" such that
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(1.1) Vk <n3E <l(
(1.2) Y(o1,...,0p)
(2) Vn <w Y{(D1,...,Un)
Proof. Let p° = p.
Generate p™t! <* p™ by invoking Claim 6.4 for n + 1 levels.
Take Vn < w p* < p™. (]

Claim 6.6. Let D be dense open in Pg/P:, p = py € Pg/P-. Then there are
n<w,p* <*p, S CTP [[V,]" such that

(1) VE < ’I’LHE < 1(E) SU.CS(<Z71, . ,Dk» e Emc(p*)(g);

(2) v<171a BN l_/n> es (p*)(f/l,...,f/n> eD.

Proof. Towards a contradiction, let us assume that the conclusion is false. That
means that for all p* <* p, for all n < w, for all § C T? [[V,]" such that

Vk < n¥(v1,...,05) € SFE <UE) Sucs((71,...,7k)) € Emep)(§)
we have

01, 0n) €S 0 )51, 5m) ED-

We construct a <*-decreasing sequence as follows: We set p® = p. We construct
p" ! from p™ using Claim for n 4 1 levels. Due to our assumption we get

V(D1 .., 0n) € TP NG <* (p™) oy 5y 4 & D.
Choosing p* such that Vn < w p* <* p”, we get
Vn < wV(f/l, A ,Dn> S Tpg/ \v’q S* (p*l)<1;17m’,;n> q ¢ D.

Construct a tree T’ from TP using Lemma @10 Let us call p* the condition p*’
with T substituted for TP"". Now if we have

q<p,
then there is (71, ...,7,) € TP such that
q<" (0" )(p1,m0)-
Hence
q¢D.
However, D is dense, a contradiction. O

Claim 6.7. Let D be dense open in Pz, and let p = p1 ~ po € Pg. Then there is
p* <* p such that

35! E|TL1V<Z71’1, ceey Dl,n1> e st ...38 3710V<170’1, e DO,n0> e s
(pT)(D1,1,---,91,W,1> T A(pg)(90,17~~~,l70,n0) €D

where

(1) S T [V, |

(2) VI < ny; V<Dl, ceey Dl> e s 3§ Sucsi(@l, cey l7[>) S Emc(pf)(g)
Proof. Let € be such that p; € P-. We prove that there are n < w, p§ <* po,
q1 < p1, S C TP [[V,]" such that

(1) Vk <n3E <UE) Sucs((P1, ..., 7k)) € Emepe (),
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(2) v<l71, . ,Dn> (S S q1 A(p*)<171’”"l7n> S D
Set

E={rePg|3gn g reD,q <p}

This E is dense open in Pg/P:: Let r € Pi/P:. Then p; ~ r € Pg. By density of
D, there is ¢1 — s € D such that g1 < p1, s < r. By the definition of F, s € FE.
Hence E is dense. Openness of E' is immediate from the openness of D.

By Claim there are p§ <* pg, S, n < w such that

(1) Vk <ndf < I(E) SuCS/(<l717 .- ~717k>) € Emc(p*)(g)v
(2) V<I71, .. .,l7n> cs’ (pg)@hmﬁw c F.
This means that V{01, ...,7,) € S’ there is ¢ (¥1,...,7n) < p1 such that
V(01 on) €8 qu(@1, -, 0n) T (05) (51,..5m) € D.

Since |P:| < K, q1(71, ..., 7y) is in fact almost always constant. Hence, by shrinking
S’ to S and letting ¢ be this constant value, we get

\V’<Dl7 ceey l7n> S S q1 A(p6)<l71,.u,17n> (S D

With this, we have finished the first part of the proof. We use this claim for all
conditions in P-.

Let P: = {p$ | ¢ < A} where X < k.
We construct by induction a <*-decreasing sequence (pg | ¢ < A). Set

Py = Po-

Assume we have constructed (pS | ¢ < Co).
If (o is limit, choose pgo < pg for all ¢ < (p.
If (o = ¢ + 1, use the first part of the proof on p% Apg to construct pgo.
When the induction terminates we have (p§ | ¢ < A). Choose

V< A py <" pg.
Let
Dg = {ql e Pg | Hn ElS v<l71, . ,Dn> (S S q1 A(p8)<171,...,l7n> S D}

Dr is dense open: Let g1 € P:. Then there is  such that ¢; = p%. By the induction
we have that there are n, S, r; < ¢ such that

YD1,y Tn) €S 11 (08 (0r .0y € D.
By the openness of D we get
VU1, Un) €S 117 (00)(51,..50) € D.
Hence
r1 € De.

Since D¢ is dense open, we can use Claim 6. Hence there are p; < p1, S*, ny such
that

V<Dl7 .. '7Dn1> € Sl (p’lf)<171,.~.,17”1> S DE-
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This means that

VD11, s U1ny) €S 3S InV(Doa,. .., Vo) €S
(pT)(Dl,la---791,n,1) A(p6)<90,1,---790,n> € D’
which is what we need to prove. ([

Finally, we add the last touch.

Proof of Theorem The proof is done by induction on k. The case k = 1 is
Claim We assume, then, that the theorem is proved for k and prove it for
k+1.

Then p = pgy1 " pr -+ po. Let € be such that pyy; € P-. We just repeat
the proof of Claim G with P; and use the induction hypotheses to conclude the
proof. O

7. PRIKRY’S CONDITION

Theorem 7.1. Let p € Pz, and let o be a formula in the forcing language. Then
there is a p* <* p such that p* || o.

Proof. The set {q € Pg | ¢ || o} is dense open. Assuming p = pp -+ po and
using 6], we get that there is a ¢ <* p such that

35 Ik (Dh1, s Dk, ) € 8% .. 380 gV (D01, ., Domy) € S°
(PR) @m0 (P0) @01, m0.m0) || O
Recall that we really should write
SF Y Dhty s Phny)s

k—2/— — — —
S (Vk,17"'ayk,nkayk—l,la--'ayk—l,nk)7

In order to avoid (too much) clutter, we use the following convention in the proof.
When we write

1<i<k
we mean that
- - k
<Vk,17"'al/k,nk> E S b
— — Sl
<l/1’1,...,l/1’n1> S R

and r(7) is

—~

(qk)<17k,17~~~g17k,nk> "A(q1)<l71,17m,171,n1>'
We start by naming g as ¢;° and T% as T%™. For (y,...,0,,-1) € S° set
A° = {(D,) € Sucron, ((T1, ..., 0n_1)) | 7(¥) T4 )51,y PO}

AL = {{Dp,) € Sucrome ((F1, ..., Ung_1)) | 7(¥) A(qgo)wlw’,;m) I+ =o}.
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Note that
Sucgo({(Z1, ..+, Ung—1)) € AU AL,
A" n At =0.
Hence, there is a &€ < 1(E) such that one and only one of the following is true:

(1) AO € lymc(qg0 (g)a
(2) Al € Emc(qg[))(f).

In either case, using Lemma[4.8] we can shrink Tg_/’:lo Do 1) and get a condition ¢,
yeesPrg—
such that r(7) ~ q2171;~~~717n0—1> | o
So now we shrink Tg;?o gy forall (U1, 1) € S0 and we call this tree
seesPrg —
T70=1, The name of the condition ¢j°® with 7%~ substituted for 70" is gj* ="
gt satisfies
V(D1 .. Ung—1) € S0 (V) A(qgo_l)(m,...,ﬁno,n | o

We are now in the same position as we were when setting ¢;°. So by repeating the
above arguments we get

Po>"qo=qp° = qp" Tt = 2 g5 > g
such that for each | =ng,ng—1,...,1,0,
V(o1 ... m) € 8P (@) T (0) o,y | 0
Specifically, we get
r(#) " (q5) || o

Of course ¢ depends on 7. Note that we got from ¢g° to ¢J only by shrinking the
trees. So, we repeat this process for all 77, calling the resulting condition ¢J(#7). So
we have

By setting

and letting pj be go with TP substituted for 7%, we get
vie [[ S'r@) " pilo
1<I<k

We are in the same position as in the beginning of the proof. So in the same
way we can generate pj from p; and so on, until we have

pr ool
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8. PROPERNESS

The notions of (N, P)-generic and properness, as defined by Shelah [9], are as
follows:

Definition 8.1. Let N < H,, be such that
(1) [N| = w,
(2) Pe N.

Then p € P is called (N, P)-generic if

pl-"VD e N Disdense openin P = DNGNN#0".

Definition 8.2. A forcing notion P is called proper if for all N < H, such that
(1) [N] = w,
(2) Pe N,

and for all ¢ € PN N there is a p < ¢ that is (IV, P)-generic.

We adapt these definitions for our needs (namely, larger submodels), keeping the
original names:

Definition 8.3. Let N < H, be such that
(1) N[ =&,
(2) N2V,
(3) N D N<*,
(4) PeN.
Then p € P is called (N, P)-generic if

plk"VD e N Disdenseopenin P = DNGNN £0".

Definition 8.4. A forcing notion P is called proper if for all N < H, such that
(1) N[ = &,
(2) N 2DV,
(3) N2 N<~,
(4) Pe N,
and for all ¢ € PN N there is a p < ¢ that is (N, P)-generic.

It was brought to our attention by the referee that Woodin initiated the use of
proper forcing arguments to show cardinal preservation in Radin-style forcing.

Claim 8.5. Let p € P; and N < H,, be such that
(1) |N| = &,
(2) NDV,,
(3) N 2 N<*,
(4) PgeN,
(5) p€ PyNN.
Then there is p* <* p such that p* is (N, Pg)-generic.
Proof. Let p=prpy ™ -7 p1” Ppo-
Let (D¢ | £ < k) be an enumeration of all dense open subsets of Py that are in

N. Note that for {y < k we have that (D¢ | £ < &) € N.
We now start an induction on ¢ in which we build

(a%,u | € < K).
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The construction is done ensuring that (a,u¢ | £ < &) € N for all & < k. We
start by setting

u’ = po \ {T7},
a® = mc(po),
TO = TPo [Wgoljo{f/ | K°(7) is inaccessible},
and taking an increasing enumeration in N,
() | (7) € T} = (e | £ < ).
Assume then that we have
<5z€,u£ | &< €0>

The construction splits now according to whether &y is limit or successor. In both
cases the work is done inside N.
If & is limit, choose a%® >¢ a¢ for all £ < & and set

u® = U ut U {(a*,t)} where k°(t) = 7.

£<&o
If & = € + 1, for each vy, ..., 7, such that K%(7;) < -+ < K0(7,,) = 7¢ we set
Swrssim)= ([ Al 18%0m) = £°(71)})
aesupp ué
< (JT A2 [ K%)= £0(2)})
aesupp ué

(T Aan | 6%Ga0) = (a)})

a€esupp u
X {{U1,y.. ., Un)}.
Let

S = U S(1,...,7)

KO(D1)<-+ <K (D )=T¢
and fix an enumeration of S,
S = (5P| p < 7g,).
We do induction on p, which builds
(6600 00 T | < 7).

from which we build (&%, u). Set

o0 — @57
£0,0 _ &
uy’” = ug.

Assume we have constructed (a0, ul®?, TS | p < po).
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If pg is limit, set
Vp < po FE0:P0 >5 @EO,P’
w00 — U w9P {<d£0’p0,t>} where Iio(t) =Te,.
P<po
We set T%0:0 equal to anything we like, since we do not use it later.
If po = p+ 1, let s5°(n(s) + 1) = (vy,...,7,) and set
u = (,UI(E)O,P)(S%’”7

o —1 0
Ty = Was,QO(T(Dl,...,D"))v

= 7"};(1;(”/1/),17” (T(Oﬁl,.“,ﬁn,ﬁ (7)),

Tv/L,—l = r;i(u;{_l 2 (T<091>(172)),
T = Toeury.on (L0(01))-

Take the enumeration

(Do lo<te} x{qla<prp) " P17 Uy UL T W U{TY'}}
= <<E§07PO,C,q§07PO,C> | ¢ < 7e,)-
We start an induction on (. Set

~§0:p0,0 ~80,p
ato:po, »,

ugmpo,O — 80P,
Assume we have constructed (a%0:Po:¢, ugo’po’g, TOEO”JO’C | ¢ < (o).
If (o is limit, take
V¢ < o FE0:P0:C0 o @anpmﬁ,
ugo,Po,Co _ U ugo,PmC U {(dEO,Po,CO,t>} where KO(t) = Te,.
(<<Co

We set T0:,0-¢ equal to whatever we want, since no use of it is made later.
If o =C+ 1, we set

W = (ugmpo,C)S&O)p,

o _—1 0
TO - W&&o,po,47@0T(171,...,17,,,}'

If there is
up < ug U{Tg'}
such that
q€07P07C U u6 c EEO,PmC’
then set

F50:P0:C0 — mc(u6)7
ugmpo,Co _ ugmpm( U (u6 \ (U,g U {T“f)}))7

T€0:p0:C0 — Tuf);
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otherwise set

ato:ro.Co — @anpmﬁ,

£0,p0,C0 _ ,,€0,p0,C
Ug = Up )
£0,p0,80 __ it
15 =Ty

When the induction on ¢ terminates, we have (@%0:?0-¢ ugo’po’c, T0:P0:6 | ¢ < 7g,).
We continue with the induction on p. We set
V¢ < T, FEo:Po o @EO,PO,C7
ugoypo _ U ugoypoﬁ U {<@£O’p0,t>} where Ho(t) = Te,.
(<Tgq

When the induction on p terminates, we have (@0?, us?, T¢r | p < Teo). We
continue with the induction on . We set

Vp < Teo ako > C_VEO"D,

u® = U u§*? U {(a%, 1)} where k(t) = 7¢, .
P<Tgg

When the induction on ¢ terminates we have (a,uj | ¢ < k). We note that this
sequence is not in N. Let

VE < Kk a*>gat,

Py = U ug U {{a*,t)} where x°(t) = maxp).
E<K

R™. Then
Levo(R°) = 7! o Levo(T?).

. n p* .
We construct a series of trees, R", and T%0 is [, _,,

Let us consider (1) € Levo(R?). There is a € such that k(1) = 7¢. We set
s(0) = {{@, 75-.a(1)) | @ € supppg},
s(1) = {{(ma a0 (1))} -

Let & = £ + 1. By our construction there is a p such that

(g )5y = (" )(sco0).
where pg = p+ 1. We set
R} -1 (T na ! o (T ).

(71) = Tax akowro (7w 20 (71))
Assume that we have constructed R”. We set the first n levels of R"t! to be the
same as the first n levels of R™, and we complete the tree as follows. Let us consider
(V1,...,Un) € R™. There is a ¢ such that £°(7,,) = 7. We take s as follows:
V1 <k<n s(k)={{a,raa(@k)) | & € supppg},
s(n+1) = {(wa*ﬁao(ﬂl), .. ,wa*’ao(ﬂn))} i
Let & = € + 1. By our construction there is a p such that

(u§”"°) sy = (U§”") (sc00)
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where pg = p+ 1. We set

R?lj;,l...,ﬁn) = ﬂ;*l,aﬁowo (Tgo’po) N 7T6_¢*1,6¢0 (T(OW,;*,;,O(171)7~~~Jfa*,,10(9n)>)'
After w stages we set
1% = () R™
n<w

We finish the construction by setting
P =prp) T P Do
We show that p* is as required.
Let G be Pgz-generic such that p* € G. Let D € N be dense open in Pz. We

want to show that DNG NN # ().
Choose ¢ 19 € D NG such that

ro <* g,
Q<prp TP T
where
(D1,...,0p) € dom 770,

"@O(Dn) = T¢,
D e (D¢ | ¢ <),
P = (00) (51,50

We take s to be
VI <k < s(k) = {(@ Ta- (7)) | @ € supppi},
s(n+1) = {(wa*ﬁao(ﬂl), e ,Wa*,a()(ﬂn»} .
We get that
(P0) (71, m) = (PO)s)-

We let §g = £ + 1. Recall the enumeration of S in the construction. There is a p
such that

(Po \ {{me(po), (Po)™) 1) o) U {{me(po), (po)™ )} = (P0) (sc00) -

We let pg = p + 1. Considering the construction of TP0, we see that
TPS < TEmpo;

(D1,eisVn
hence
(Po)(sy <& (uSO”’O)<S§o,m>-
We note that
V1 <k <npp= (o))

Recalling that ¢ was chosen so that

/o~ —~ I

Q< Prp) P PR T pY,

we conclude that there is a ¢ such that ¢ = ¢¢9°2¢ and D = Ef0-ro:¢_ That is,

ES05P056 5 qﬁo,po,C Ty <* qﬁo,po,C ’\((uﬁo,Po,C)@goypﬂol
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Note that this is an answer to the question we asked in the construction. Hence,
because IV is elementary, there was such a condition in V. Hence

qtoPo¢ A((ugo’p07<)<5§0,p>)0 e DNN.
The last point to note is that
g0 T (WS0P00) ooy )o =* g% T pg =T g T € G
Hence
qumo,C A((uﬁmpm()(SgO’p))O cq.

Corollary 8.6. Py is proper.

9. CARDINALS IN V=
Lemma 9.1. k1 remains a cardinal in VP,

Proof. The proof really has no connection to the specific structure of Pg. It is an
exercise in properness.
Let
pIF fR— Rt
Choose x large enough so that H, contains everything we are interested in. Take
N < H, such that
(1) p’ PE’ f 6 N’
(2) N[ = &,
(3) N 2D V,,
(4) N D N<x,
By Corollary B0l there is a ¢ < p that is (N, Pg)-generic. Let us set
A=NnkT;
hence ) is an ordinal < k™.
Let G be Pg-generic with ¢ € G. The (N, Pg)-genericity ensures us that for all
¢ <k, fENICT € N and f(&)NIC] = f(&)Hx[E], Hence ran fVI[¢] C X, That is,

qlF rfis bounded in st .

Lemma 9.2. No cardinals > k are collapsed by Pg.

Proof. kT is not collapsed by Lemma 0.1 No cardinals > ™1 are collapsed, since
Pp satisfies kT +-c.c. O

Lemma 9.3. Let £ < k, and let ¢ be the ordinal such that k°(Eg(¢)) < &€ <
KU Eg(¢+1)). Then P(€) NVI[G] = P(€) NVIGI(].
Proof. Take p = pp ™+ " pry1 " pr -+ " po € G such that E(pri1) = Ea((),
E(pr) = Eg(¢+1). We know that V[G] = V[G/p]. So we work in Pg/p. Set p' =
P T okt P = {(Ec(),0)} " pr " -+ po. Then Pg/p = Pplp' x Pglp".
Note that (Pg/p", <*) is kK%(Eg(¢ + 1))-closed. In particular, it is £*-closed.

Let A € V]G], A C&. Choose A, a canonical Pg /p-name for A. Let q € Pg/p".
By induction we construct (g, | 7 < &) satisfying
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(1) 70 <71 = ¢r, <¥ qr,, and
(2) ¢, || 'TeA.
Choose g¢ <* ¢; for all 7 < €.

By a density argument we can construct a P[p!-name B such that A = X[G] =
B[G1p']. O

Corollary 9.4. No cardinals < K are collapsed by Pg.

Proof. Let G C Py be generic. Assume A < k is a collapsed cardinal. Let p =
IANVIEL, We have i < A, and there is an A € P(u)V1¢] that codifies the order type
A. Let ¢ be the unique ordinal such that k°(Eg(¢)) < p < k%(Eg(¢ +1)). By
Lemma @3] A € V[G](]. Hence A is collapsed already in V[G[(]. However, by
Lemma[TZ Pg ) collapses no cardinals above x°(Eg(()), a contradiction.

So, no cardinal < « is collapsed. Since k is a limit of cardinals that are not
collapsed, it is not collapsed. O

We have just shown

Theorem 9.5. No cardinals are collapsed in VE.

10. PROPERTIES OF  IN V7
Theorem 10.1. If1(E) = x%, then VT2 E "k is reqular’.
Proof. Let A < k, and let fbe such that
Fpy fA—R.
Let
Do={p|3ipl"f0)=7"}
Since Dy is a dense open set, we can invoke Theorem G to get p°, ng, S° C 7"
such that
Vk <noV¥(vi,... ) € S0 3 <UE) Sucs((v1,...,vk) € Emepo)(E),
VWi, Vng) €5 (1) n,..vmy) € Do
Let us set

A ={0") 1 econg) | (01, vm,) € 87}

Ap is an anti-chain. By shrinking TP" as was done in the proof of Theorem [T}
we can make Ay into a maximal anti-chain below p¥. Since A < x and (Pr,<*) is
k-closed, we can construct a <*-decreasing sequence

prerpt > 2T T,
and n,, S'7 C TP such that
Vk < n-Y(v1,...,vk) € 8736 <I(E) Sucg- ({1, vk)) € Emepr)(£),
Vi, vn,) €7 30 ) oy HFE) =T,
and

A{r = {(plT)(ul,.u,Vn,r) | <V15 ... 7Vn7-> S SIT}

is a maximal anti-chain below p'".
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Let p/ <* p'" for all 7 < A\. We set 8™ =7

m

p with 77! (TP substituted for TP and maybe shrunken a bit so that
me(p’),me(p’™)

AT = {(pT)(m,.u,Vn,r) | <V15 o 7Vn7—> S ST}

is a maximal anti-chain below p”.
Let p <* p™ for all 7 < A, and let g be the following Pz-name:

7= Um0 pns) | Ar 3 0 )y FF) =77 ).

T<A

i(lﬂ') mc(p’™) (SIT)7 and take p" to be

Then
pIF f=7"
Let P* be the following forcing notion:
P*={q<rplqcPg}

By Claim B2, (P*, <g) is sub-forcing of (Pz/p, <). Hence, if G is Pz-generic, then
G* = G N P* is P*-generic. ¢ is in fact a P*-name, and, as can be seen from its
definition, g[G] = g[G*] € V[G*]. So in order to complete the proof it is enough to
show that IFp« "§ is bounded .

By Claim [5.3] there is 7 € Ry such that P* ~ Ry, /r. Now we use the

following fact about Radin forcing: When the measure sequence is of length x*, &
is regular in the generic extension. Necessarily, IFp- "§ is bounded . O

Definition 10.2. We say that 7 < 1(E) is a repeat point of E if Pg = Pp,.

We note, again, our convention that when 71 < 75 we have Pg,,, C Pg, . The
equality in the above definition is meant to be with this convention. We point out
that if 7 is a repeat point, then Pg . € M.

Theorem 10.3. If E has a repeat point, then VFE E Tk is measurable™.

Proof. Let T be a repeat point of E. The crucial observation regarding 7 being a
repeat point is as follows. Let p = p,.0 € Pg. Set a function f(7) = pipynt1..1
for all (7) € T?°. Then j(f)(mc(p)[7) € Pg,. By our convention this means
J(f)(me(p)|7) € Pg. Moreover, j(f)(me(p)|7) = p!.

We start by showing that for eachp € Pg, I-p,, "A C R 'thereis p* <* psuch that

j(p*)(mc(p*) I7) ”j(PE) ‘Re ](A)—I Note that j(p)(mc(p) 17y =P A(j(p)(mc(p) (T))0~
Choose x large enough so that H, contains everything we are interested in. Take

N < H, such that p,A,Ps €N, IN| =k, N D V,, N D N<*. By Corollary B8
there is a p’ <* p that is (IV, Pg)-generic.

N Let us fix (7) € T?". By Theorem[ZTlthere is a ¢ <* p’<l7> such that g || p, "k°(P) €
A’. Then, by the~ N-genericity of p/, there is ¢ € N, ¢’ <* Pttty ey () q 1 g,
¢ |lp, "K°(7) € A". Hence there is a ¢* <* q’,p’<l7> such that

suppgy =supppy, ¢ |lp, wO(7) € A"
So, for each (7) € TP let ¢*(v) <* Plyy be such that

supp ¢; (V) = supppy, ¢ (D) ||p, «°(7) € A

A

Of course this means j(¢*)(mc(p)I7) |ljp,) £ € j(A). Let us set r,.0 =
J(@*)(me(p')[T) € j(Pg). By our convention r,, 1 € Pg. Let us set p* = r,. 1. We
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have 5(p*) (me(p-) ey <* 5(q*)(me(p'[7)); hence 5(0*) tme(peyi-y llipg) # € 5(A)7, as
needed.

Let U be a Pz-name defined by

plFp, "AcU'if{qe Pz | (@) (me(q) i) IFj(pg) & € §(A)"} is dense below p.
We note that, since {q € Pg | j(¢) mc(q)17) |li(Ps) "k e j(j)j} is dense, we have

plrp, "AgU if {qe P | 5(@) (mea) 1) IFiPg) "k & j(A)"} is dense below p.

We show that U is a name for a measure on x:

(1) IFp, "0 ¢ U": Immediate due to ipyy k& 3(0)".

(2) plFp, "A &z U = p Fp, "\ A € U': So, there is a maximal anti-
chain X below p such that ¢ € X = j(q)(me(q)r) Fjpy) K & j(g)j.
Then ¢ € X implies j(q)me(q)ir) Fi(Pp) "k € (K \ /T)j This means
plFp, "K\AcU".

(3) plk "AeU, ACB" = pl-"BeU": Obvious.

(4) A<k, plrp, VE<AAs €U = plrp, " Necr A € U: So, for all
& < A there is a maximal anti-chain X¢ below p such that ¢ € X; =
(@) me(q)im) Fipg) K € j(gg)j. It is enough to show that {r € Py |
J() (me(ry 1y Fi(Pg) "WE< Ak E j(gg)—'} is dense below p.

Let ¢ = gn..o0 < p. Since {r € Pg | j(r)(me) 1) Fjipy) & € 3(Ag) '} is
dense below p for all £ < A, we can construct (r$ | € < \), (Ye | € < A) such
that:

.« £=0 1" =,
e £ is a limit ordinal: V&' < & 1€ <* 7€,
e {=¢ +1: ré <* 7“5', Y is a maximal anti-chain below g, .1, and,
for all s € Yg, s’“j(rg)(mc(q) iy IFiPg) "k € j(Agz)l.
Then we have g, 1 ’“j(r)‘)<mc(rx)h> IFiPg) VE< AK€ (A
([

We note that actually the measure U constructed in the above proof is normal.
Moreover, we can construct an extender, lifting F(0), by deciding formulas of the

form a € j(A) for a € dom E(0).

11. WHAT HAVE WE PROVED?

We can sum everything up as follows:
We can control independently two properties of £ in a generic extension. The
first is the size of 2%, which is controlled by |E|. The second is how “big” we want

k to be, which is controlled by 1(E).

12. GENERIC BY ITERATION

Recall that if R is Radin forcing generated from j:V — M, then there are 7 and
G € V such that G is jo - (R)-generic over M.

Our original aim was to find some form of this claim for our forcing. We have a
partial result in this direction. Namely, when 1(E) = 1 we have a generic filter in
V over an elementary submodel in M.

In this section we assume that 1(E) = 1.
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Let us take an iteration of j = jo 1,
<<Mn | n < w>a <,7n,m | n<m< w))

Choose x large enough so that everything interesting is in H,, (i.e., Pz € H,), and
set

E :]O,H(E)a
P" = jon(Pg)(= Pgn),
Xn —jO,n(X)

Definition 12.1 (when I(E) = 1). We call (N, p) a k-pair if
1) My E"N < HM,
2) My E"|IN| =&y,

(

(2)

(3)

(4) My E"N D N<rr'

(5) pE pk+1 ﬁjk7k+1(N), and

(6) if D € N is dense open in P¥, then there are n, S < T? such that

V1, vn) €8 (D) (or,ovm) € Jhkr1(D).
Claim 12.2. Let N € My, k < w and q € jrr+1(N) N P*L be such that My
satisfies
(1) N < HY¥,
(2) [N| = ke,
(3) N2V,
(4) N D N<r,
(5) P* e N.
Then there is a p € jrr+1(N) N P**L such that
(1) p<*gq, and
(2) (N,p) is a k-pair.
Proof. Let <D’g | £ < ki) be an enumeration, in My, of all the dense open subsets
of P¥ that are in N. Set Nii1 = jik+1(N). Since we have
(ki1 (DE) | € < Kk) S Nieya,
(ki1 (DE) | € < Kr) € My,
Mk+1 - rNkJrl ) N;_:fﬁ»l‘wj
we get that
(ki1 (DE) | € < kk) € Niga.

Starting with ¢, we construct in Ny a <*-decreasing sequence (p¢ | £ < ki) using
Theorem [6J1 Note that we have no problem at the limit stages, since Ni41 F
TPk <*) is kpyq-closed . Now choose p € PK*1 N Ny such that V&€ < sy p <*
pe. We get that (N, p) is a k-pair. O

Definition 12.3. We call (]\7,]3’) a P“-generic approrimation sequence if
(N, §) = (Ne, p*) | ko < k < w)
and for all kg < k < w,
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(1) M;, E rNk =< H%k17

(2) My | Ni| = k",

(3) My E "Ny 2 V,ﬁf"j,

(1) M I=NN S N<R

5) Pk N,

EG% (Ng pkfl) is a k-pair,

(7) ]khkz( kl) = Nkza

(8) P"2 <* (ks 1hr2(0" ) tme(pr1y)-

Definition 12.4. Let <J\7 ,7) be a P“-generic approximating sequence. Then
G((N,7) = {p € P*| 3k jrw(™) <" p}.

Claim 12.5. Let kg < w, ¢ € P* N Ny, and assume for all kg < k < w,
( ) pk S Nk,
(2) Jk, k+1(Nk) Ni+1,
(3) Mk': Nk ~<1¥]V[’C s
(4) |Nk| - Hk )
(5) Mkl= "Ny D VMk
6) My E"Nj D N<""j
t

Then there is a P¥-generic approrimating sequence
(N,5) = (N, PH) [ o <k < w)

such that pFo+l <* ji v 11(q).

Proof. We construct the p**1 by induction. We set p*o = g.

Assume that we have constructed (p¥ | ko < k' < k). We set ¢"t! =
Jkt1(P") (mepryy - Invoke Claim to get pFt1t <* ¢Ft! such that (Ng,p*t!)
is a k-pair.

When the induction terminates we have ((N,p**1) | kg < k < w), as required.

O

Claim 12.6. Let ky < w, and assume that
r M, 1
(1) Mko = Nko < HXkI;O ’
My, I—|Z\7/€0| = ’?\1}017
My, E " Niy 2 Vi l?

r <Ky
My, E"Niy 2 N0,

A~ N N/~
- — D D T

here is a P“-generic approximating sequence
(N, D) = ({(Nip, p" 1) | ko < & < w)

ko+1

such that p <" Jkosko+1(q)-

Proof. We set Ny, = ji,.k(Ng,) for all kg < k < w, and then we invoke Claim
112.5. O

Theorem 12.7. Assume
(1) M,F"N < H%wj,
(2) M, E"|N| =k |,
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(3) My E"N 2 VM,
(4) M, F"N D N<re',
(5) P¥ € N,

(6) g€ PN N.

Then there is, in 'V, a filter G C P“ such that
)
)

q € G, and

Proof. We find (Z\7 ,D), a P“-generic approximating sequence. G((Z\_f , D)) is the
required filter.
Find ko and Ny, , ¢" such that

Pk0 S Nko,
jko,w(Nko) =N,
jko,w(qko) = q'

Invoke Claim T26lto get from N*0 and ¢*0 a generic approximating sequence (]\7 , D).
Let D € N be dense open in P“.
Find k > ko and D* such that jj ., (D*) = D. As usual, set D! = jj (D).
By construction there is an n such that

k41
v<V1; s 7Vn> eT? (pk+1)(1/1,.“,un> S Dk+1 N Nk+17
which means that

. k+1 k+1
1kt 140n (P me(pb+1), - jpss kg (mepit1))) € DFFTT O N1,

Hence
(12.7.1) 1. (P (e (ph 1), 1 g (me(pr+1))y € DN,
Since <J\7 ,P) is a P“-generic approximation sequence, it satisfies
PP < et 10 (0T (e (R0 i1 (me(ph 1)
Hence
Fr1mew (PFTITT) < jk+1,w(pkﬂ)(mc(pwl),_..,jkﬂ,“n(mc(pk+1)))7

giving us that
(12.7.2) it 10O (e 1) o sr i (me@r1))) € GUN, D))
so G((N,p)) N DN N # 0 by ([ZZ1) and (TZT2). O

13. CONCLUDING REMARKS

(1) A definition of repeat point that depends only on the extender sequence
and is equivalent to the one we gave (which mentions Py) will probably be
useful.

(2) Tt is not completely clear what 1(E£) should be in order to make sure that
F has a repeat point.

(3) A finer analysis in the case of measurability and stronger properties is
needed—for example, extending the elementary embedding to the generic
extension, and not just constructing a normal ultrafilter.

(4) We do not know how to get a generic by iteration when 1(E) > 1.
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(5) Making this forcing more “precise” by adding “gentle” collapses so that we
get a prescribed behaviour on all cardinals below & in the generic extension
is in preparation.
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